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For every complete metric space X there is, up to a constant m ultiple, at most one Borel regular measure over X such that 0 < (B(x r)) = (B(y r)) < 1 whenever x y 2 X and r 2 ( 0 1) where the symbol B(x r) stands for the closed ball with center in x and radius r. In fact, the existence of such a measure imposes rather strong regularity conditions on the space X itself (see 2], 7], 10]) in particular from 3] we know that, if X is a bounded subset of R n , then it is contained in a sphere. In the case when X R n , regularity results about X turned out to be the most important tool in the study of densities of measures in R n (see 9] , or, for a more detailed but less complete account, 8]). One of our main results considerably improves several results from 9] by showing that any X R n is an analytic variety. Our proof is much simpler than those presented in 9], which enables us to give as an application a simple proof of a remarkable result of Marstrand 6] according to which the existence of non-trivial s-dimensional densities (of a measure in R n ) implies that s is an integer. Our results, however, do not seem to be strong enough to show the main result of 9] that measures having s-dimensional density are s recti able, because they do not give any information about the behaviour of X at in nity.
In addition to the analyticity result mentioned above, we also show that X is an algebraic variety provided that it is bounded and obtain more precise results in the special cases n = 1 and n = 2 .
For various reasons, including the political changes in Europe, this note has not been published for many years, although our main approach has become known and used in the literature. We would like to thank the Max Planck Institute for bringing us together and thus enabling us to recover the manuscript and prepare it for publication.
Under a measure over R n we will understand a monotone, -additive mapping of the family of all subsets of R n into 0 1] such that (A) = inff (B) A B and B Borel setg and that (A B) = (A) + (B) w h e never dist(A B) > 0 (i.e., is a Borel regular metric outer measure). The last property is equivalent t o t h e -additivity o f on the family of all Borel sets, see 4], 2.3.2 (9) . The support of the measure over R n is de ned by spt( ) = fx 2 R n (B(x r)) > 0 f o r e v ery r > 0g:
Since in our situation we will always have X = s p t ( ) R n , w e a void the use of any special symbol for the space by adopting the following de nition.
De nition A measure over R n is said to be uniformly distributed if there is a function f : ( 0 1) ! 0 1] s u c h that (i) (B(x r)) = f (r) for every x 2 spt( ) and r > 0, and (ii) f (r) < 1 for some r > 0.
1 Uniformly distributed measures in R n Lemma 1 Let be a uniformly distributed measure over R n , x 2 R n , and 0 < s < r < 1, then (B(x r)) 5 n (r=s) n f (s). Proof. Let Z B(x r) be a maximal set such t h a t kz 1 ;z 2 k > s = 2 whenever z 1 z 2 2 Z and z 1 Corollary 2 Let be a uniformly distributed measure over R n . Then open subset G of R n such that
R n n G is the union of countably many analytic submanifolds of R n of dimensions less than m, (R n n G) = H m (R n n G) = 0 . An alternative proof is obtained by noting that, for each s > 0, the set fx : F(x s) = 0g is an analytic variety, and that the intersection of (an arbitrary numberof) analytic varieties is again an analytic variety.
(ii) Whenever U R n is an open set and U \ spt( ) is a nonempty k- exists moreover c 6 = 0 since otherwise (*) would imply (U) = 0 a n d c 6 = 1 since otherwise (*) would imply H k (U \ spt( )) = 0. Consequently, f = c=(c + 1 ) a t ( + H k spt( ))-almost every point o f U \spt( ), from which, using (*) once more, we infer that (A) = c H k spt( )(A) for every Borel set A U.
Since the statement (ii) is trivial if is the zero measure, we m a y assume (3) is an easy corollary of (2) and of the analysis at the beginning of the proof of (ii).
Theorem 5 Proposition 7 Let be a uniformly distributed m e asure over R n with bounded support. Then this support is contained in some (n ;1)-dimensional sphere. Proof. It su ces to assume that 6 = spt( ) 6 = R and to show that spt( ) contains an isolated point. Let x 0 = 2 spt( ). Then there exists some x 1 2 spt( ) s u c h t h a t jx 0 ;x 1 j = m i n fjx 0 ;xj x 2 spt( )g. We assume x 0 < x 1 the case x 0 > x 1 is similar. If x 1 is an accumulation point of spt( ) then there are x 2 x 3 2 spt( ) satisfying 0 < 2(x 2 ;x 1 ) < x 3 ;x 1 < x 1 ;x 0 . Hence we can choose an " 2 (x 3 ; x 2 x 3 ; x 1 ). Because spt( ) \ x 0 x 1 ) = , we obtain (B(x 1 " )) = ( x 1 x 1 + "]) ( x 1 x 2 + "]) (B(x 2 " )). That implies ((x 1 + " x 2 + ")) = 0 but x 3 is an interior point o f ( x 1 + " x 2 + "). This contradiction shows that x 1 must be an isolated point of spt( ) and hence that spt( ) is a discrete set.
A simple combinatorial proof of the following lemma and of its corollary may b e left to the reader. Remark Clearly, a measure over R n is uniformly distributed provided it is locally nite and ful lls the following homogeneity condition:
For every pair x y 2 spt( ) there is an isometry : R n ! R n such that (x) = y and # = , where ( # )(A) = ( ;1 (A)). , or in any R n with bounded support or with discrete support. 3 An application: Proof of Marstrand's Theorem
Using our results we will present here an alternative proof of one of the main results in 6] which roughly says that the \density dimension" is always an integer.
Theorem 12 Let be a metric outer measure over R n , n 1, s a nonnegative real number and let the sets B A R n satisfy (i) (B) > 0, and
(ii) lim r&0 r ;s (B(x r)\A) exists and is positive and nite for any x 2 B.
Then s is an integer.
Proof. Using standard regularization methods, the measurability of both x ! lim sup r&0 r ;s (B(x r) \ A) and x ! lim inf r&0 r ;s (B(x r) \ A),
and (ii) we may in addition assume that~ = A is Borel regular (i.e., a measure) and locally nite in some open superset U of A and that B is a compact set on which the functions x ! k s~ (B(x
